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ABSTRACT
In this note we prove that the illumination of an almost bounded closed
convex set by minimum number of affine subspaces of given dimension can
be reduced to the illumination of a bounded closed convex set of lower

dimension.

1. Introduction

Let K be a closed convex set of the d—dimensional Euclidean space E¢ with
non-empty interior, where d > 1. We say that the affine subspace L C E4\ K
of dimension 0 < dim L < d — 1 illuminates the boundary point P of K if and
only if there exists a point @ of L which illuminates P i.e. the ray emanating
from P having direction vector Q_]_’) intersects the interior of K. Furthermore, we
say that the affine subspaces Ly, Lo, ..., L, C E?\ K illuminate K if and only if
every boundary point of K is illuminated by at least one of the affine subspaces
Ly,L,,...,L,. Finally, let [;(K) be the smallest number of affine subspaces of
dimension [ lying in E4 \ K which illuminate K g E?, where 0 <1< d-1.
Obviously, 1 < I;—1(K) < I;2(K) £ --- £ Ii(K). The following notion was
introduced in [1]. A d—dimensional closed convex set K G E? is called almost
bounded if and only if there exists a d—dimensional ball of E? which intersects
every supporting hyperplane of K. Thus, the intersection of finitely many closed

half-spaces of E¢ is almost bounded while rotating a parabola about the axis and
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taking the convex hull of it in E4 we get a d—dimensional closed convex set which
is not almost bounded. Clearly, there are many more examples of both types. It is
proved in [1] that Ip(K) is finite if and only if K is almost bounded. An equivalent
condition was given in [5]. In this note we generalize this result in the following
way. If K g E? is almost bounded, then let C denote the closed convex cone
which is the union of closed half-lines emanating from an interior point say, O of
K and lying in K. Moreover, let Pry : E¢ — L denote the orthogonal projection
of E? onto the affine subspace O € L which is the orthogonal complement of
the affine hull aff C of C in E? and let Ij[cl(Pr(K))] denote the corresponding
illumination number of the closure cl(Prr(K)) of Pri(K) in L, where 0 <1 <
d — 1. Obviously, if dim L < I, then we take Ij[cl(Pri(K))] = 1. We prove the
following

THEOREM: Let K g E? be a d—dimensional almost bounded closed convex set
and let 0 <! < d~ 1. Then Pri(K) is bounded and I)(K) < Ij[cl(Pr.(K))] <
+00.

If Ip(K) < +oo for a d—dimensional closed convex set K G E, then the
d~dimensional ball containing finitely many points of E4 \ K which illuminate
K intersects every supporting hyperplane of K. Thus, our Theorem implies the

following well-known statement (see [1] and [5]).

COROLLARY 1: Let K g E? be a d—dimensional closed convex set, where d > 1.
Then Iy(K) is finite if and only if K is almost bounded.

It is a very natural but still open problem to characterize all d—dimensional
closed convex sets K g E? for which I;(K) < +o0, with some 1 <1< d—2.

Boltjanskii [4] observed that Iy(B) = d + 1 for any smooth compact convex
set B C E? with non-empty interior. Recently, the author [3] showed that if

B C E? is a smooth compact convex set with non-empty interior, then I;(B) =
p

_[.4d
ld—l_%_*ﬂ-} +1= ['—,’i’%] , where 1 <1 < d—1. These statements and our Theorem

imply

COROLLARY 2: Let K g E¢ be a d—dimensional almost bounded smooth closed

convex set and let 0 <! < d—1. Then I}(K) < [%1 .

Hadwiger (7], [8] conjectured that any compact convex subset of E¢ with non-

empty interior can be covered by 2¢ smaller homothetic copies. This conjecture
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has stimulated a lot of research in geometry (see [1]). The conjecture is proved
for d = 2 (see [1], [4], [6] and [10]) but it is unsolved for d > 3. Boltjanskii [4]
and Soltan [12] showed that Hadwiger’s conjecture is equivalent to the conjecture
that Io(B) < 2¢ for any compact convex subset B of E? with non-empty interior.
In [1] and [2] another formulation of this problem is given. Namely, if B is a
compact convex subset of E? that contains the origin O as an interior point,
then Iy(B) is the smallest number of hyperplanes of E? which strictly separate O
from the faces of the polar body B* = {X € Ed|(07,_0—)}) <1lforallY € B},
where d > 1 and ( , ) denotes the usual inner product of E¢. See also the Lemma
below for a generalization of this statement. [2] proves Hadwiger’s conjecture for
convex polyhedra with affine symmetry. In fact, [2] contains the following more
general result. If P is a convex d—polytope of E? with affine symmetry, then
I;-3(P) < 8 and I;_(P) = 2, where d > 3. Hence, this and our Theorem imply

COROLLARY 3: IfP g E? is a d—dimensional convex polyhedral set (ie Pisa
d—dimensional intersection of finitely many closed half-spaces of E4) with affine
symmetry, then I4_3(P) < 8 and I;—»(P) <2 for d = 3,4.

2. Proof of Theorem

The following statement is a more general version of Lemma 6, 7 and 8 in [11].

PRroPOSITION: Let K C E? be a closed convex set that contains the origin O
and let F # 0 be the set of all faces of K which do not contain O, whered > 1.
Then the polar set K* = {X € Ed|(—O—A;,(W) < 1lforallY € K} is a closed
convex set of E? with O € K*. If F* denotes the set of all faces of K* which are
disjoint from O, then the map

*:F — F*
F F* ={X e K*|(OX,07) =1 forall Y € F}

is a one-to-one map between F and F* and it is inclusion reversing.

Proof:  First, we prove that F* is a face of K* with O ¢ F*. Since F ¢ F
is a face of K with O ¢ F therefore there exists a supporting hyperplane H =
{Y € E4(0Y,0X,) = 1} of K with HFNK = Fand O e K ¢ H* = {Y €
E'i|(0—l},5)?(;) < 1}. Consequently, X, € F*, i.e. F* # . Now let Y, be a
relative interior point of F i.e. ¥, € rel int F. Then H= {X € Ed|(07, m) =
1} is a supporting hyperplane of K* because K* ¢ H* = {X € Ed|(07, _07(;) <
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1} and (§ #)F* C F' = HNK*. We prove that also F* O F' which then implies
F* = F' finishing the proof of the fact that F* is a face of K* with O ¢ F*.
Suppose that there exists X, € F'\ F*. Then we have a point Y] € F such that
(m , 5?1) } < 1. Since Y7 #Y, and Y, € rel int F therefore there exists a point
Y, € F with OY = - OY; + (1 —A)-OY; ,0 < A < 1. But (0X,,0%%) <1
consequently, ((_)Y;,DTE;) = /\~(O_)?J,—O_);I)+(1—/\)-(m,0—y_})) <A+1-2 =1,
a contradiction.

Secondly, we observe that (K*)* = K. If Y is an arbitrary point of K, then
(07,0—)}) < 1for all X € K*. Hence, K C (K*)*. We prove that K D (K*)*.
Let Y, € E?\ K. So there exists a hyperplane H = {Y € Eﬂ(é?,éﬂ) =1}
which strictly separates Y, from (O €)K, i.e. (5}7;,5}?0)) >1and (07, m) <
1for all Y € K. But then X, € K* and so ¥, € E?\ (K*)*.

We finish the proof of Proposition showing that (F*)* = F for any face F € F.
We know that

(F*)* = {Y € (K*)*|(OY,0X) = 1 for all X € F*}
={Y € K|(OY,0X) =1forall X e F*} D F.

We have to show that (F*)* C F. We have seen above that F = H N K with
H = {Y € E4|(0Y,0X;) = 1} and K C H* = {Y ¢ E4|(OY,0X,) < 1}.
Hence, X, € F*. Soif Y, € K\ F, then (0%, 0Xo) < 1ie. Y, € K\ (F*)*.
| |

Having proved the above Proposition we can prove the following Lemma which
is the cornerstone of the proof of our Theorem. Also, it is a slight generalization
of the Separation Lemma of [2]. We need the following notation. If O ¢ L is an
affine subspace of E¢ with 0 < dim L < d—1, then L = Noer{Hg|Hg ={X €
Edl(O_Xz, O_Cj) = 1}} is an affine subspace of dimension dim L = d—dim L—1 with
O ¢ L. Finally, let I' = cl{X € E90X = 0¥ + - YO with Y € £ and A > 0}.

LEMMA: Let K be a closed convex set of E? that contains the origin O as an
interior point and let F,,, be the smallest dimensional face of K which contains
the boundary point P of K, where d > 1. Then the affine subspace L C E\K
of dimension 0 < dimL < d — 1 illuminates P if and only if I'n F:. =19
saying in that case that L co-illuminates the face F, = {X € K‘l(ﬁ? ,0Y )=
1 for all Y € Fy} of the polar set K* = {X € E¢|(OX,07) <1 for all Y € K}.
Furthermore, I)(K) = n if and only if n is the smallest integer such that there
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exist affine subspaces Ly, Ly, ..., L, of E of dimension d—1—1 with the property
that every face of the polar set K* which is disjoint from O can be co-illuminated
by at least one of the affine subspaces il,iz, e ,ﬁ,,, where 0 <1<d-1.

Proof: The Proposition implies that the map *: F — F*, F  F* = {X € K*|
(OT, 07) =1{or all Y € F} is a one-to—one map between F and F* and it is
inclusion reversing,

Let P(F,resp.) be a boundary point (face, resp.) of K. Then we define the
following closed convex cones:
Cp = (J{H*|H? is a supporting half-space to K bounded by H with P € H},
Cr = {H*|H? is a supporting half-space to K bounded by H with F C H},
Cr = m+CF with any P € aff F and

r=1{Xe E“|(07,07) < 0for all Y € CF} called polar cone of Cr.

It is easy to prove that if F' is a face of K, then

Ch = {X € E|OX = \-OY with A > 0 and (OY,02) <1
for all Z € K and (OY,02,) = 1 for all Z, € F}.

Thus, C} = pos F*, where pos(.) denotes the positive hull of a set.
Let F,, be the smallest dimensional face of K which contains the boundary
point P of K. The affine subspace L C E?\ K of dimension / illuminates P if and

only if there exists @ € L such that the open ray r%,. emanating from P having

direction vector Q—I” lies in the interior int Cp of Cp i.e. rg_ﬁ C intCp,,. Then

rg_}; C int Cp,, if and only if (W,m) > 0 for any Y(# O) € C}_ = posFy,.
As (0—7,13_@) > 0 for any Y (# O) € posFy if and only if (OT,P—Q') > 0 for
any Y € F, we get that the affine subspace L illuminates P if and only if there
exists @ € L such that (W,O_Q)) > (07,0_13) = 1for any Y € F}. Thus,
L illuminates P if and only if there exists @ € L such that the hyperplane
Ho={X¢€ E‘”(OT,O@) =1} D L strictly separates O from the face F: =
{X € K‘](O?,b?) = 1forallY € F,} of the polar set K*. Finally, this is
true if and only if I’ N F% = 0 i.e. L co-illuminates the face F* of K*.

Asthemapx F - F* F F*={X € K‘I(O?,W) =1forallY € F}
is a one-to-one map having the above argument we get immediately that the
affine subspaces Ly, L, ..., L, C E*\ K of dimension [ illuminate K if and only
if every face in F* of the polar set K* can be co-illuminated by at least one of
the affine subspaces L; = Noer, {He={X € Ed|(0_)(',66) =1}}i=1,2,...,n
of dimension d — | — 1. This completes the proof of the lemma. |
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The proof of our Theorem relies on the Lemma. We assume that K g E? is
an almost bounded closed convex set that contains the origin O as an interior
point. Thus, the Proposition yields that K* C E? is a compact convex set with
O € K* and since K is almost bounded dist (UF*,0) > 0. Let F} be the
smallest dimensional face of K* which contains O. F,, can be identical to the
improper face K*.

We prove that O € rel int F}, using induction on the dimension d*(> 1) of
K*. If d* =1 or d* = 2, then it is easy to see that O € rel int F,. So suppose
that the claim is true for any d'—dimensional compact convex set whose faces
not containing O are bounded away from O and take a d*—dimensional compact
convex set K* ¢ E*" with O lying on the boundary bd K* of K* and with dist
(UF*,0) > 0, where 2 < d' < d*. Let

C* = U{Fg?| Fg—x denotes the closed ray emanating
from O having direction vector OX with (0 #)X € K*}.

It is obvious that dist (UF*,0) > 0 if and only if there exists a d*—dimensional
closed ball B (0,e) C EY centered at O with radius ¢ > 0 such that K* N
B¥(0,¢) = C*N B¥(0,¢). Let H, C E¥ be the supporting hyperplane of
K* for which H,, N K* = F,. Since in case of O € rel int F,,, we are done we
suppose that O € rel bd F, = F% \ rel int F,,. Consequently, dim F};, > 1. As
dim F* < dim K* = d* and F* n B (0,¢) = (C* N H,)N BY (0,¢) i.e. the
union of the faces of F}, which are disjoint from O lies at distance > ¢ from O
we get by induction that F)), possesses a face F, with O € rel int F. (Fig. 1).
Hence, there exists a (d* —2)-dimensional affine subspace H , which supports Fip,
in Hp, such that H,NFY = H,NK* =F, . Let (O E)Tf,t be the 2-dimensional
affine subspace of B4 which is totally orthogonal to H,, and let Pr(K*) be the
orthogonal projection of K* onto ﬁi parallel to H,,. Obviously, Pr(K*) is a
convex domain whose boundary contains O and Pr(K*)nB% (0,¢) = Pr(C*)N
B¥(0,¢) i.e. every face of Pr(K*) which is disjoint from O lies at distance > ¢
from O. Consequently, by induction there exists a face Pr(Ft) of Pr(K*) with
O ¢ rel int Pr(F;). Hence, for the face F;t of K* whose orthogonal projection
onto ﬁ,t is Pr(F%) we have that O € rel int Fit and F}, # F., a contradiction.
Thus, O € rel int Fyy,.

It is easy to show that the cone C* defined above is the polar cone of C. Thus,
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Fig. 1

we have

K* ={X € E‘|(0X,07) < 1forall Y € K}
={X e EY}(OX,07) < 1forall Y € bd K}
({X € E*|(0X,0Z) <0 forall Z € C}
={X € EY(0X,07) < 1for all Y € bd K} N C* and
[Pru(K)]'L ={X € L{(OX,0Pry(Y)) < 1for all ¥ € K}
={X € L|(OX,0Pr (Y)) < lforall Y € bd K}
={X € L|(OX,07) < 1for all Y € bd K}
=LN{X € E*|(0X,07) <1forall Y € bd K}.

Then

[Pro(K) ' nC* = Ln({X € E4|(OX,07) < 1forall Y € bd K} N C*)
=LnK".

93



94 K. BEZDEK Isr. J. Math.

Since L is totally orthogonal to aff C therefore L C C* and so [Prp(K)]'t =
[Pri(K)]'f n C* = LN K*. We have proved that O € rel int F*. This implies
that aff F}; = L from which we get that

[l(Pro(K)]' L = [Pru(K) 't = LNK* = F*.

As a partial result we have got that Prp(K) is bounded. The Lemma implies
that Ij[cl( Pry(K))] is the smallest integer n such that there exist affine subspaces
L1, L,,...,Ln of L of dimension dim L — [ ~ 1 with the property that every face
of the polar set F, can be co-illuminated by at least one of the affine subspaces
Ly, La,...,Ly, where 0 <1< dim L —1. We distinguish Case 1: F* = K* and
Case 2: F* is a face of dimension < d* — 1 of K*, where dim K* =d* > 1.

m

Case 1: Either K = cl(Pri(K)) or K is a cylinder with base cl(Prp(K)).
Thus, it is obvious that Ii(K) < Liel(Pri(K))). Finally, as cl(Pry(K)) is com-

pact it is sufficient to recall the known fact that
L[el(Pri(K))] < L[cl(Priy(K))] < +o0

(see [1] or [4]).

CASE 2: F} is a face of dimension < (d* — 1) of the d*—dimensional com-
pact convex set K* ¢ E? with O € rel int F¥ and dist (UF*,0) > 0. We
have seen that [cl(Pr (K))]'F = F*, where O € L = aff F is the orthog-
onal complement of aff C in E?. Since F, is bounded therefore Case 1 and
the Lemma imply that there are affine subspaces Hy(m), Hz(m), ..., H,(m) of
L of dimension dim L — I — 1 with the property that n = Lj[cl(Pr.(K))] and
every face of the polar set F, can be co-illuminated by at least one of the
affine subspaces Hy(m), Hz(m),...,H,(m), where 0 < < dim L - 1. Let H
(H*,resp. ) be the supporting hyperplane (supporting half-space bounded by
H, resp.) of K* in E¥" with HNK* = F*. Let H; be the affine subspace of
E? of dimension d* — | — 1 orthogonal to aff Fy;, with H; N aff Fj;, = Hi(m),
where 1 < i < n. Finally, let B4 (0, R) be a d*-dimensional closed ball of E4’
centered at O with radius B > 0 such that int B¥ (O,R) D K*. There are
many ways to rotate H; about H;(m) toward O. We choose the following. Let
h be the affine function which is positive on H* and zero on H and which sat-
isfies |h(P)| = 1 for points P lying at distance 1 from H. For i = 1,...,n let

Hil(] = {X € E¥| 0X = 5@) +e€- (—;)73 + h{(P) - 6_26 with P € H;} of dimension
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d* — 1 — 1, where @ is a point in H;(m) and € > 0. One can easily verify that
Hi[) NnH* N B¥ (0, R) tends to Hi(m)' B (0, R) in the Hausdorff metric, as
e tends to 0. (The notation ’ is the same as in the Lemma.)

Now the claim is that for some ¢ > 0 and for every face F* of K* disjoint
from O one of the affine subspaces H;[e| co-illuminates F*, where 1 < i < n. If
not, then there is a sequence of faces F*(k) of K* which are disjoint from O and
F*(k) intersects each of the sets H;[}]', where 1 < i < n. The Blaschke selection
theorem ([9], pp. 98) implies that a subsequence of the sequence F*(k) will
converge. Say the limit is M. M cannot contain O, since the faces of K* which
do not contain O are bounded away from O. Because O is a relative interior point
of Fy,, it follows that the same holds for every relative interior point of F};,, and
therefore M does not intersect the relative interior of F,. As M is convex, this
shows that M N F}, is contained in a proper face , say F*, of F,;,. But M must
intersect each of the Hausdorff limits of the sequences H;[+]' N H* N B (O, R).
These Hausdorff limits are just H;(m)' N B* (O, R) and one gets a contradiction,
since that implies that F** is not co-illuminated by any of the affine subspaces
Hi(m).

This completes the proof of the theorem. 1

ACKNOWLEDGEMENT: The author is indebted to the referee for the valuable
remarks which simplified the proof of Case 2.
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